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Binomial theorem for positive integer power ‘, U
(a + b)?* = a? + 2ab + b?
(a + b)3 =a3 + 3a®b + 3ab? + b3
(a + b)*=a* + 4a*b + 6a3b + 4a*b + b*
(a + b)®> =a® + 5a*b + 10a3b? + 10a?b? + 5ab* + b°
(a + b)®> =a® + >Cya*h + 5Cya®b? + 5C3a%b3 + >C,ab* + >Csb®

The expansion of a binomial
Ifa,xeR , neZ" then

(x+a)®>=x"+"Cy x" 1a + "Cy x"2a% + wovverrireriiennann +a®
(x—a)’=x"—"C; x" la+"Cyx"2a% — .rrerrcrrieinmn + (—a)"
Remarks:

1) The number of terms of the expansion is (n+1) terms

2) The power x decrease and the power a increase

3) The sum of powers of x and powers of a in any term =n

4) The value of r in "C,. of each term is always decreased the order of the
term by one

Example I:
[Find the expansion of (x + 2)* J

|

~ SOLUTION

(x+2)* =x*+*C; x*(2)1 + *C, x*(2)* + *C3x (2)° + *C, (2)*
=x*+8x°+24x*+32x +16

Example 2:
[Find the expansion of (2x + 3y)* ]
SOLUTION
(2x +3y)*= (20)* + *C; (2x)°(BY)" + *C; (2x)*(3y)* + *C5 (2x) (3y)°

+*C, By)*
=16x*+96 x3y + 216 x*y* + 216 xy3 + 81y*
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Example 3: \l !
[Find the expansion of (x? — 1)®

. SOLUTION -

(x2 — 1) = (x?)6 — 6Cy (x2)°(1)! + 6C, (x®)*(1)% — 6C3 (x?)3 (1)3 +
+6C4 (x2)2(1)* — 6C5 (x*)1 (1)° + 6C4 (1)°
=x12 _6x104+ 1528 —20x% +15x* —6x%2+1

1) (A +20)"=14+"C; x+ "C2 X% + wvvrerrrerriernms +xn
2) (1 —x)"=1—“C1x+ nCZ X2 = e + (—x)"
Example 4:
Find the expansion of (1 + x)®, then use it to find the numerical value of
the expansion 6Cy + 6C; + Cy + wovvrverersrirvsiinnas +6C,
.~ SOLUTION

(1+x)°=1+°C,; x +°C, x> + 0C3x3 + °Cy x* + ©C5 x> + x©
Put x = 1 in both sides

(1+1)¢=1+°, +°C, + °C3 +°C, +°C5s +1
(2)¢=%6C,+°%Cc, +°C, + °C5; +°C, + °Cs + ©C4

Example o:
Find the expansion of (1 — x)8, then use it to find the numerical value of
the expansion 1 — 8C; + 8C; — 3C5 + vvevevcrcrvrvcene. +8Cq

i SOLUTION
(1-x)8=1-8C;x+8C, x> —8C3x%+8C,x* — 8C5 x° + 8C¢ x°
—8C,x7 +8CgxB
Put x = 1 in both sides
(1-1)%=1-8C;+8C; —8C5 +8C4 —8C5 +8C4 —8C; +%C3 =0
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Example B: {
[Find the value of (1. 01)? by using the binomial theorem and approximate

the result to three decimal numbers

. KOLTTTION

(1+0.01)° =1+°C; () + °C, (Hlo)2 +9C5 (T:O)3 b eereeeeeeeseeeen

=1+0.09+0.0036 +0.000084 +........ terms less than 0.001
= 1.0936 ~ 1.094

Example 7:

{Find the value of (0.98)1? by using the binomial theorem and approximateJ

the result to three decimal numbers
}

. SOLITTION

(1-0.02)19=1-19¢,(0.02) + 1°C, (0.02)%? — 1°C5 (0.02)3 + .........
=1—(10 x 0.02) + (45 x 0.0004) — (120 x 0.000008) +.....
=1-0.2+ 0.018 - 0.00096
=0.81704 ~ 0.817

Example 8:
[Find the expansion of (x — 1)°(x + 1)° ]

. SNILITTION
(x—1°(x+1)5=(x%*-1)°

— (xZ)S _ 5C1 (x2)4 + SCZ (x2)3 _ 5C3 (xZ)Z +5C4 x2
=x10—-5x8+10x% —10x* +5x%-1
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Example 3: {
1 3
Find the expansion of (1 + x — —)
X
3 i SOLITTION , X
1 1 1 1
<(1 +x)— ;) =(1+23-3¢; A+ 0% ()3 A +0) (3) -(3)
— 3 3 2 3\ _ 2 1 l - i
=(14+°C{x+°Cy x* + x°) 3(1+2x+x)(x)+3(1+x)(x2) (x3)
3/ 3 .3 1
_ 2, .3_2 _ o_ 2 _ 1
=1+3x+32% +2% - ~ - 6-3x+; T3
= x3 +3x2—5+%—x—13
Multiple choice questions:
7x6 ;
I)If1+7x+mx+ .......... + x7 =2187,then x = ......u..
(@4 (b) 2 (c) 8 (d) 10
l SOLUTION ;
1+7x+7C, x*+ ....... +x”=(1+x)” =2187 = 37
~1+x=3 - x=2
2)If(1-x)8+16x(1—x)"+112x% (1 — )+ .cvurene +256x8=0,
then x = ..........
(@) 2 (b) -2 (©-1 (d1
{ SOLUTION i
(1-x)8+16x(1—x)"+112x% (1 — )%+ ......... + (2x)8=0
A=) +2xB=[1+x]3=0 - 1+x=0 > x=-1
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The general term of the expansion of a binomial ‘y U

The general term of the expansion of a binomial (x + a)" is denoted by

Ty;1suchthatre N ,r<n
T,+1 = "C, (second)" (first)" "
Try1 ="C, a" x"T

Notice 1 :

In the expansion (1 + x)"
Tr+1 = nCr x "’ ’ Tr = ncr—l x r-1

Coefficient of x " is "C,. but coefficient of T, is "C,_1

Notice Z;
x+a)"+(x—a)"=2(T1+T3+Ts+ ...........)
(x+a)"— (x—a)"=2(T2 +T4_ +T6 + )

Multiple choice questions:

2,8 )

1) In the expansion (x + ;) according to the descending power of x , the

coefficient of the sixth term = ...............
(a) 940 (b) 2179 (c) 1972 (d) 1792

- | SOLUTION ~

2 5
Te=2Cs () (1)° = %Cs (2)3(0) ™5 (1)* = C5 (32) (%)

coefficient of T = 8Cs (32) = 1792
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2) In the expansion ( 3x2 — L according to the descending power ofix
2x
then the tenth term from the end = ............
143x3° 715x3° 715x38 715%3°
(a) x14 (b) x14 (C) x14 (d) x13
8 16 16 16
\ | W,
~ SOLUTION
13
the tenth term from the end in the expansion (Sx2 — %)
13
is the term from the beginning of the expansion (— 2—1x + 3x2)
1\* PPN
Tio = 1C 3x%)° (—55) = €, (3)° 2 -D*@) @)™
715%37
— 14
- 16 "
ANOTHER SOLUTION
T;o from the end = Ty4_10+1 = T5 from the beginning of the
13
expansion (33|c2 — %)
1\% n* 715x3°
T.= 13, (_ ﬂ) (3x2)° = 13, (_ i) x~*(3)? x18 = 16 y14
— 11
6) In the expansion (Zx — 3—;2) according to the descending power of x, )
then the fourth term from the end = ............
400 440 440 440
(@) ——x13 (b) ——x~13 ) ——=x13 (d) ——=x"13
2187 2180 2187 2187
\- l SOLUTION )
T4 from the end = T, _4,1 = Tg from the beginning
_1:\8 1,8 440
— 11 —1 3 _ 11 1 ~16 (9\3 ,3 — - 13
To=11Cq ( 3x2) (22)* = 13 (—3) x 10 (@2)P%23= e ¥

Mr.Hatem Mahran 01001839459




Aleebra
S

[4) In the expansion (1 + X)™ if coefficient of T, = 120 thenn = ...... ‘3

(a) 10 (b) 21 (c) 9 (d) 11
. SOLUTION
Ty= "C3 (X)°
coefficient of T, = "C3; =120
(5) In the expansion )
B+ -11c,3+0)1%1 -2x) +11C, B +x)°(1-2x)2— ........— (1 —2x)1!
the fifth term = ..............

(a) 3421440 x * (b) 3421440 x7  (c)31440x*  (d)3144x7
\_ | W,
" SOLUTION

The expansion represents the expansion of [(3 + x) — (1 — 2x)]1!

=[2 + 3x]"
Ts = 11C,(3x)*(2)7 =330 x B)* xx*x(2)” = 3421440 x*

r : ~
B) In the expansion
(1-2)8+24x(1—-x)"+252x* (1 —x)%+ ......... + 6561 x8,
then Tgatx =1is.........
(a) 940 (b) 2179 (c) 1972 (d) 1792
- . SOLUTION -
(1-x)8+24x(1—x)7"+252x* (1 —x)°+ ......... + (3x)8

= [(1—x)+3x]8=[1+2x]®

Te = 8Cs(22)5 = 8C5(2(1))° = 1792
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7) In the expansion (3 + x)™ according to ascending power of x , if the Tati

between the sixth term and eighth termis 9:4,thenn = ........when x = 2
(@) 9 (b) 21 (c) 12 (d) 11
{ SOLUTION
Te ="C5(x)°(3)" > ,  Tg="C,(x)"(3)"7
Tg _ nc, (x)7(3)"7 _ 4_ nc, y nCe (2 x 3n-T-n+6 “?)%
Te DC5(x)°(3)*> 9 0NCq "Cs \\%}‘\‘)
Q;?} "C, _ nor+l
n-7+1 n-6+1 o, 4 1Cr-1 r
= X X“ X3 f=—
7 6 9

(n—-6)(n-5) x2 4 (n—6)(n->5) ;4/ ;/
= — atx=2 - =
42 9 9 42

-6)(n-5
(. 3}(2" ) 21 > (n—6)(n-5)=42
6 X 7 =42 -> n—-6=6 - n=12
8) In the expansion of (1 + x — x?)?, the coefficient of x1° = ............
(a) 1257 (b) 210 (c) 135 (d) 117

|
. SOLTUITION

9
In the expansion of (1 + x(1 — x))
Trr1 = °CG(x(1-%) = °CGx"(1-%)" ,r<9
In the expansion of (1 — x)" - Tpi1 ="C(—x)™ ,m<r
Tr+1 = 9Cr x* rcm(_x)m = (_1)m X 9Cr X rCm(x)r+m
To find the coefficient of x'° putr+m=10wherem<r<9
r=9 [r=8 |[r=7 [r=6 [r=5
m=1 m=2 m=3 m=4 | m=5

coefficient of x1° =

—9Cy x 9C; + 2%Cg x 8C, — 2C; x 7C3 + 2C4 x 6C, — 9C5 X °C5 =117
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) In the expansion of (1 + x + x*)>, the coefficient of x*= ............ ‘y
(a) 125 (b) 45 (c) 135 (d) 54
. SOLITTION .
In the expansion of (1 + x(1 + x))5
T =C(x 1 +x) =5C, 2" 1+x)" = ,r<5
In the expansion of (1 + x)" = Tpi1 ="C(x)™ ,m<r
Tr1 = 5Cr x' Cp ()™ = 5Cr X FCp ()7
To find the coefficient of x* putr+m=4wherem<r<5
r=4 [r=3 |[r=2
m=0 m=1 m=2
coefficient of x* = >C, x *Cy + °C3 x 3C; + °C, x 2C, = 45
Example I:
7
In the expansion (sz + %) according to the descending power of x , Find
each of T; , T and if T; = T, , Find the value of x
|
 SOLUTION
2 5
T; = 'C, (%) (2x%)° Te = "Cs (%) (2x%)?
21
=168 x 10 =—x*
8
T3 = T6
168 x 10 = 2—81x 4
x10 21
— = — + 168
X 8
6 _ 1 _ 41
X" T X=%3
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Example 2: \
. n —10 40
In the expansion (1 + X)™ if T, = 5 T; = 95 find n, x then find T,
} |
| SOLUTION ‘
_ -10
T2=“C1x=¥ - nx= - -1
T3 = nCZ xz = %
-1 40 80
nnDe- 2 00 S nn-1)x*= — -2
2x1 9 9
100
By squaring| — n%x?= Y -3
. n(n-1)x* (n—1) 4
2 - 3 - nz;xz = - = g - n= 5
5 -10 -2
= — - =
x 3 x 3
3
_ 3 _5 -2 _ —80
=16 =% (3) = 57
Example 3:
[Find in the simplest from (x + 2)® + (x — 2)° }
i SOLUTION

(x+2)°+(x—2)°=2(Ty+ T3+T5+ T,)
=2 (x® +°C, (2)2 x* +°6C4 (2)* 2% + 0C4 (2)9)
=2 (x® + 60 x* + 240 x> + 64)

Mr.Hatem Mahran 01001839459
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Example 4: ‘y -
[Find in the simplest from (1 + \/E)s - (1- \/E)S

! SOLUTION

(1+vx) - (1-vx) =2(Tp + Ty +Tg)
=2 (°Cy (Wx) +°C3 (Vx)* + °C5 (Vx)°)
=2 [5Vx + 10(vx)3 + (Vx)?]
=10Vx + 20(vx)3 + 2(vx)°®

Example a:
[Find to the nearest three decimals (1.03)3 + (0.97)3 using the binomial J

theorem

i SOLUTION |
(14+0.03)2+(1-0.033=2(T; + T3+ Ts + T, + Ty)
=2(1+8C;(0.03)2+8C, (0.03)* + 8C¢ (0.03)° + 3C5 (0.03)®)
=2(1+0.0252+0.0000567 + ......... )
=2+ 0.0504 +0.0001134 + .........
= 2.0505134 = 2.051

FOLIOW
E’HOUR +4 5

o /\ o
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Example B: {

fF(1+cx)"=1+20x+ax?+ax3+
find the value of n, c where c # 0

. ta,_q1x" and 16 a;=3 a,,

4—%2 -

ANOTHER SOLUTION

(n—1)c? =2a; - (2)
By squaring | = n?c?= 400

- (4)
nZ 2 n __ 400
n (n-1)c? ~n-1 2a,
By cubing! - n3¢3= 8000 - (5)

7.5 n(n-1)(n-2)c*  n-1Hmn-2)

_ 6a2

n3¢3 n2

Mr.Hatem Mahran
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. SOLUTION
(1+cx)"=1+"Cy(cx) + "Cy(cx)? +"C3(cx)® + ....... +(cx)"
=1 +“C1c'x +§:“C2c2:§x2 +§:“C3c3:§x3 + e ™™
_____ L e e
=1+ 20x + a;x* + azx
20
"CiXc =20 -» nc=20 - c=—
nCZ Cz = di y nC3 C3 =4dy
16 a; = 3 ds
16"C,c* =3"%C3¢3 - +c?
16 nCz =3 nC3 C
16"C, = 3"Cs x% SN TR
nc; 20
16 =3Xx-——x=— 16n=20(n—2) »n=10
Cz n
n-3+1 20
16 =3x 5 X nc=2

nc, xc =20 nC, c? =a, nc; c3 =a,
-1 -1)(n-2
nc=20- (1) %szal—)xz n(n-1)(n-2) 3=-a, 5x6

3x2x1
(n—1)(n-2)c3 =6a, > (3)

- |

- I
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o=
By (IXID) \
n _ (m=1)(n-2) 400  6ay
X —— =X
n—1 n 2a; 8000
(n—-2) 400>< 3 ay 6a.=3
n  a; _ 8000 1= 342
(n-2) _ 400 o 16ai _ 4
n  a; 8000 5
5n-10=4n - n=10 - c=2
Example 7:

the fifth term is 210, Find the value of k and x where k is positive integer

En the expansion of (1 + k x)1° if the coefficient of the third term is 180 and ]
 SOLUTION

coefficient of the T; =10C, (k) > = 180
k=2 or k = -2 (refused)
Ts = 10C, (kx) * = 210
= 210 (kx) *=210
= (+2x)*=1

+2x=1 - x=i%

Mr.Hatem Mahran 01001839459
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The middle term of the expansion (x + a)" ‘y

In the expansion (x + a)™, number of terms of the expansion =n + 1

1) If n is even, then the number of terms of the expansion is odd and the

. . n+2 n
expansion has only one middle term of order ooy +1

2)If n is odd, then the number of terms of the expansion is even and the
n+1 n+3

2 ' 2

expansion has two middle terms of order

Multiple choice questions:

I I %““ %
Algebra K 5_5,,

12

1) In the expansion (Zx + ﬁ) the middle term is .............

I SOLIITION

(a) 924 x ~© (b) 924 x ~12 (€)492x~¢  (d)924x°©

12
The power is even .. the order of the middle term = ) +1=7

6 6
T, =12C, (5) @0° =124 (3) @ 22)° @)

=12¢, (x) 6 =924 x ~©

\

10
2) Find the middle term of the expansion (x2 + 2—1x) if the value of this
28
term is 277 then the value x = ......cccecevrerrne
2 )3 2 03
& OF ©)3 OF
10
the order of the middle term =3 +1=6
1\ ° 63
_10, (1 2\5 _ 10 —57.0-5 .10 _22 5
Te=10Cs (55) @»° =1C @ W) 210 = x
63 5_28 32 2
g * T27 X =43 =3
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d) In the expansion (% + %) the middle term equal ............. v
(a) 2145 x°, 19305 x (b) 19305 x° , 135135 x3
5005 x12
(c) 135135 x3, 729729 (d) —=—, 2145 x°
g | 27 Y,
 SOLUTION
15+1 15+3
the order of the middle term = > = 8 and > = 9
150 (37 (*2\° _15¢ a7 (17 1628 _ 150 1 o 9
Ty = 15¢, (;) (?) =15C, 37 (1) 77 216378 = 15C, 3 x°=2145x
3\ 8 /x2)’
T, = 15¢q (3) (?) = 15C, 38 (x) 78 x14 377 = 154 3 x6= 19305 x°
(7 . . 2 . 2\° N
4) 1f the middle term of the expansion (3x + ﬁ) equal 17920, then the
value of x = ..............
(a) 2 (b) 4 (c)2,-2 (d)4,-4
\ | W,

. SOLUTION |
8

the order of the middle term = 2 +1=5

2

3x

1120 x* =17920

T =0, (Z) 3xD)* = 96,23 (W) (3 (0" = 1120 x*

xt=16 - x=+2
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) In the expansion:(3 + 2x)8+ (3 — 2x)2 Then the middle term equ!l\,...
(a) 32256 x © (b) 181440 x* () 1810x*  (d) 163296 x*
. SOLUTION

8
the order of the middle term = > +1=5
Ts = 8C4 (220) * (3)* + 8C4(—2x)*(3)* =8C, (2x) * (3)* +8C4(2x)*(3)*
=2x8C,(2)* (x)* (3)*=181440 x *

( . . 1 1U 1 10U \
B) In the expansion: (2\5 + ﬁ) + (Zx/E - ﬁ)
Then the middle term equal ................
108
(a) 1680 x (b)— (c) 5760 x3 (d) zero
K | SOLIITION )

the order of the middle term = % +1=6
13\° 5 1\° 5
To=10s (575) (23" + 19 (~555) (24%)

e () (2 - (5) 205

7) In the expansion: (1 + x)°+ 6x(1 + x)° + 15 x%(1 + x)*+ ............ + x*
Then the middle term equal ................
(a) 240 x* (b) 160 x3 (c) 576 x3 (d) 60 x?

. SOLUTION

The expansion [(1 + x) + x]® =[1 + 2x]®

6
the order of the middle term = > +1=4

T, = 6C3 (2x) > =6C5 (2) ® (%) ® =160 &3
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Example(8): \

If the two middle terms of the expansion (3x + 2y)!3 are equal,
2
Prove thatf ==
y 3
} SOLUTION -
, 13+1 13+3
the order of the middle term = > =7 and > =8
Tg = T;
13¢, (2y)(30)° = 3¢, (2y) *GBx)’
ey’ @307
@2y) ° ~ (3x)°
2y = 3x
x _2
y o 3

Or directly for choose problems:

If the two middle terms are equal

S 3x =2y
x _2
y 3
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